Using the form of N = 2 superconformal invariants we derive the explicit relation between the bottom and top components of the correlator of four stress-tensor multiplets in N = 4 Super Yang-Mills. The result is given in terms of an eighth order differential operator acting on the function of two variables which characterises these correlators. It allows us to show a non-trivial consistency relation between the known results for the corresponding supergravity amplitudes on AdS 5 .
Introduction
In the context of the AdS/CFT correspondence [1, 2, 3] four-point functions of stress-tensor multiplets in N = 4 Super Yang-Mills theory have been the subject of many studies, both in perturbation theory [4, 5, 6, 7, 8, 9] and at strong coupling [10, 11, 12, 13, 14, 15] . They exhibit many interesting properties in both regimes and contain much information about the structure of Yang-Mills theory itself. These results have been used to verify the consistency of the operator product expansion and to calculate the anomalous dimensions of operators of twist two [16, 17, 18, 19] .
In [4] the four-point function of four N = 4 supercurrent multiplets was studied using N = 2 harmonic superspace. The N = 4 multiplet can be decomposed into N = 2 multiplets whose calculation can then be performed using N = 2 harmonic superspace Feynman rules. The first loop correction to the four-point function was evaluated this way and after various manipulations [5] the result was given in terms of a single function of the conformally invariant cross-ratios -the well-known one-loop box integral. It was subsequently shown in general that the full four-point function of four N = 4 stress-tensor multiplets is determined by a single function of the two cross-ratios [20] .
In particular, the four-point function of two chiral and two anti-chiral N = 2 field strength bilinears is sufficient to determine this function completely. It was shown in [4] that in principle the full N = 2 four-point function is uniquely fixed by superconformal invariance and the knowledge of the leading term of its theta expansion. It is this part of the N = 4 four-point function which contains the correlators of the operators which couple to the dilaton and axion fields in the supergravity limit. The aim of this paper is to provide the direct relation between the top component and the bottom component of this N = 2 correlation function.
As is to be expected the top and bottom components are related by a differential operator which is determined by the structure of the N = 2 superconformal extension of the two conformal invariant cross-ratios. We fix the form of this operator in section 2. The final result is remarkably elegant and we present it here. We consider the N = 2 correlator of two chiral and two anti-chiral SYM field strength bilinears with all odd variables set to zero (a trace over the gauge group for each bilinear is assumed), 
The operator (1.4) has appeared before in the context of supersymmetric Ward identities [20] .
In section 3 we provide a consistency check on the results of [13] and [15] where the AdS/CFT dual correlators were studied in the supergravity limit.
N=superconformal four point invariants
We briefly describe various features of the correlator of four N = 4 stress-tensor multiplets and summarise the known results about its evaluation in perturbation theory and in the supergravity approximation. The correlator is
We follow the notation of [4] where the operator T AB is given in terms of the N = 4 field strength superfield W A by
with a trace over the gauge group assumed but not written explicitly.
The indices A, B are SO(6) vector indices and there are six different SO(6) structures in the four-point function. For the bottom component of the correlator we therefore have Here u and v are the conformally invariant cross-ratios (1.2) and
The functions a and b above are not all independent. Imposing invariance under the crossing symmetries, which permute the points (1, 2, 3, 4), yields the following relations,
Thus after imposing the crossing symmetry only one of the a and one of the b are independent. In fact it was shown in [20] by considering in detail the quantum corrections to the correlator that the functions a and b are also related to each other. The final result of this is that all six parts of the correlator are determined by their values in free field theory (corresponding to the constants A 0 and B 0 below) together with a single function F of the two cross-ratios which encodes the quantum corrections,
The function F satisfies the crossing conditions,
This result was confirmed in [21, 22] by imposing consistency of superconformal invariance with the the operator product expansion.
In [4] the splitting of the N = 4 field strength multiplet into an N = 2 hypermultiplet and field strength multiplet was described. Explicitly one can see that the 6 of SO(6) splits into a 3 +3 of SU (3) which further decompose into a 2 + 1 +2 +1 of SU (2):
The reference [4] describes how the a and b functions (or equivalently F) can be determined by a set of correlators of N = 2 hypermultiplet bilinears. It was also shown that the possible independent correlators of the N = 2 field strength bilinears are all determined by the a and b functions. Explicitly we have,
while for the bottom component of the only non-trivial correlator of this type we have,
The function F is symmetric F (v, u) = F (u, v) and is given by
The analysis of [20] shows that A 0 and B 0 receive contributions only from free field theory i.e. quantum corrections contribute only to F. The function F can be extracted from direct calculations at order g 2 [4] and order g 4 [7, 8] in perturbation theory and at order 1/N 2 in the supergravity approximation [15] .
The full θ expansion of the correlator of two W 2 and twoW 2 is in fact determined by the constraints of N = 2 superconformal symmetry, as demonstrated in [4] . The top component of the N = 2 correlator is 12) where L + = F αβ F αβ + ... and L − =FαβFαβ + ... contain the squares of the self-dual and anti-self-dual parts of the Yang-Mills field strength,
From the knowledge of the correlators (2.9, 2.12) one can construct any four-point correlator of the operators F µν F µν +... and F µνF µν +... which correspond to the four-point supergravity amplitudes of dilaton and axion fields in the supergravity limit.
We now briefly review the construction of superconformal invariants [4, 22] . The N = 2 superspace has (x αα , θ α i ,θα i ) as coordinates. Since the correlation function we are interested in is chiral at points 1 and 3 and anti-chiral at points 2 and 4, it depends only on the chiral or anti-chiral coordinates at these points. These are given by
One then forms Q-supersymmetric chiral-anti-chiral differences y rs = X r −Xs − 4iθ r ·θs. To obtain invariants we should then form GL(2) × GL(2) invariant combinations of the y rs . Following logic similar to that of [22] we find that the two independent such quantities can be written as trZ and det Z where Z is the 2 × 2 matrix given by Zαβ = (y 12 y −1 14
The variablesŜ andT of [4] are related to trZ and det Z viâ
Equivalently we can work with the superconformal extensions of the cross ratios u and v given byÛ All that remains to obtain the θ 16 component is to expand out in the odd variables and keep only the top term. We keep track of all the contributions using MATHEMATICA. The analysis is helped by realising that the terms of the form θ 16 can be grouped into three types,
Each of these can be replaced by a tensor constructed from ǫ αβ and ǫαβ (we give these in the appendix). Equivalently one can think of applying an odd derivative with respect to each of the odd variables (sixteen in all). The four θ 1 and four θ 3 derivatives induce an eighth order differential operator on the function F . Each θ comes with aθ so the remainingθ derivatives just soak up these factors and do not increase the order of the operator further.
The final expression we obtain for the operator is remarkably simple. We find
with the eighth-order operator given by
where
We can further simplify by employing the variables 1 x andx where
In these variables the expression for the second order operator is
and hence the full eighth order operator is 
Supergravity Limit
We now discuss the relation of the results of [11, 12, 13] and [14, 15] on the supergravity limit of the correlator under consideration. By the AdS/CFT correspondence correlators of gauge-invariant local operators in the N = 4 SU (N ) Super-Yang-Mills theory in the limit of large N and strong coupling are given by supergravity amplitudes. In particular the correlators of the operators F µν F µν + .. and F µνF µν + ... are related to dilaton/axion amplitudes in supergravity according to the identification F µν F µν + ... ∼ O φ and F µνF µν + ... ∼ O C a relation first stressed in [10] .
To obtain the correlators of scalar composites built from the Yang-Mills field strength and its dual we use the relations
Recalling (2.9) we find that
Thus, given an expression for the function F we can determine the function H through the action of the differential operator and hence the correlator (3.2).
In [11, 13] the calculation of dilaton/axion amplitudes in IIB supergravity on AdS 5 ×S 5 was performed. The final result is expressed in terms of the so-called D-functions. These are functions of the six squares of differences of the four points x 1 , x 2 , x 3 , x 4 . The D-functions also appear in the result of [15] for the bottom component of the same amplitudes. These functions can all be generated from the one-loop scalar box function Φ (1) (u, v) by acting with derivatives with respect to the square differences. On the other hand [20] one can use the fact that the derivatives of Φ (1) can be derived from the explicit expression [25] 
This implies that the derivatives of Φ (1) can be expressed in terms of Φ (1) itself and logarithms,
and similarly for u ←→ v.
Thus any expression given in terms of D-functions can be translated into an expression involving Φ (1) and logarithms. The expression for the function defining the bottom component of the amplitude from [15] corresponds to (see [20] )
which can be written as a third order operator acting on Φ (1) (u, v). Recall the function F is related to quantum correction part of a 1 via F(u, v) = (1/u)a 1 (u, v). Following this logic the expression for F(u, v) obtained in supergravity is [20] 
In fact the neatest expression for the third order operator is [16] 
From this we obtain an expression for the function H as an eleventh order differential operator acting on Φ (1) .
This can be rewritten in terms of Φ (1) itself and logarithms following the same logic as above.
Finally we can form the combination in equation (3.3) and use the crossing properties of Φ (1) to obtain an expression for the correlator (3.2) in terms of Φ (1) and logarithms.
The result of [13] for the connected order N 2 c part of the dilaton/axion amplitude is We can follow the same procedure as was used on the expression above for the bottom component to express this in terms of Φ (1) and logarithms. Comparing this to the expression obtained from the action of our eighth order operator on the result of [16] we find perfect agreement up to an overall constant factor dependent on conventions,
This is a highly non-trivial check of the compatibility of the results of [13] and [15] with superconformal symmetry.
Summary
We have given here the explicit relation between the bottom and top components of the correlator of two chiral and two anti-chiral N = 2 field strength bilinears. The relation follows from N = 2 superconformal invariance as discussed in [4] . The result is expressed in terms of an eighth order differential operator acting on a function of two variables (the conformal cross-ratios). The same method can be used to obtain differential operators for correlators of higher weights. The operator we have derived has allowed us to establish the equivalence of known results [13, 15] for supergravity amplitudes. The methods we have described here could prove useful in studying the supergravity amplitudes beyond the leading 1/N 2 correction.
Appendices A θ-identities
We give here the identities for the product of eight indexed θs and eight indexedθs in terms of Θ 16 up to some tensorial structure. The tensors ǫ αβ and ǫαβ are antisymmetric with ǫ 12 = ǫ12 = 1.
( 
